In a late paper of J. Noguchi and J. Winkelmann [7] (J. Math. Soc. Jpn., Vol. 64 No.4 (2012), 1169-1180) they showed the condition of being Kähler or non-Kähler of the image space to make a difference in the value distribution theory of meromorphic mappings into compact complex manifolds. In this paper, we will investigate orders of meromorphic mappings to a Hopf surface which is more general than dealt with by Noguchi-Winkelmann, and an Inoue surface. They are non-Kähler surfaces and belong to VII 0 -class. For a general Hopf surface S, we prove that there exists a differentiably non-degenerate holomorphic mapping f : C 2 → S with order at most one. For any Inoue surface S ′ , we prove that every nonconstant meromorphic mapping f : C n → S ′ is holomorphic, differentiably degenerate and its order satisfies ρ f ≥ 2.
Main Results
In Nevanlinna theory, there are many studies on the value distribution of meromorphic mappings whose image spaces are Kähler, especially complex projective algebraic manifolds. On the other hand, however, little are known for the non-Kähler case. J. Noguchi and J. Winkelmann gave the first phenomena where Kähler or non-Kähler condition of the image space make difference in value distribution theory by focusing on orders of meromorphic mappings [7] . The purpose of this paper is to investigate orders of meromorphic mappings into Hopf surfaces and Inoue surfaces, both of which are non-Kähler surfaces. The two main theorems are as follows.
Main Theorem 1.1. Let S a,b be a Hopf surface defined by the action,
where a, b are complex numbers with |a|, |b| > 1. Then there exists a differentiably non-degenerate holomorphic mapping f : C 2 → S a,b with order at most one.
We are going to prove this theorem by branched covering argument and applying some estimates introduced by J. Noguchi-J. Winkelmann [7] to prove the case of a = b.
N.B.
In general, whether there exists a differentiably non-degenerate meromorphic mapping with order less than two or not are big difference. Because if there is such a map, every global contravariant holomorphic tensor on the manifold must vanish ( [7] ).
Main Theorem 1.2. Let S be an Inoue surface. Let n be an arbitrary natural number. Then every non-constant meromorphic mapping f : C n → S is holomorphic, differentially degenerate
and its order satisfies ρ f ≥ 2.
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Preliminaries

Notation
We fix the following notaion.
• Let X be a compact complex manifold.
• Let f : C n → X be a meromorphic mapping. We denote by I(f ) the indeterminancy locus of f .
• If the differential df is generically of maximal rank, f is said to be differentiably nondegenerate.
• For z = (z j ) ∈ C n , we set α = dd c ∥z∥ 2 , (2.1)
• B(r) = {z ∈ C n : ∥z∥ < r}, S(r) = {z ∈ C n : ∥z∥ = r} (r > 0).
Definition 2.3.
Let f : C n → X be a meromorphic mapping and let ω be a Hermitian metric form on X. We define a function
which is called the characteristic function of f with respect to ω.
Definition 2.4.
In above setting we define the order of f as follows,
Since X is compact, ρ f is independent of the choice of a metric form ω on X. Here it is noted that every meromorphic mapping from C into a compact complex manifold
Relations between orders and one-dimensional image spaces
is holomorphic since codim I(f ) ≥ 2 (I(f ) = ∅ in this case).
Difference between Kähler and non-Kähler surfaces
J. Noguchi and J. Winkelmann proved the following theorems, giving the first phenomena where Kähler or non-Kähler conditions of image spaces make difference in value distribution.
Theorem 2.7 (J. Noguchi-J. Winkelmann [7] ). Let X be a compact Kähler surface. Assume that there is a differentiably non-degenerate meromorphic mapping f :
The Kähler condition is necessary by the following:
Theorem 2.8 (J. Noguchi-J. Winkelmann [7] ). Let a be a complex number with |a| > 1. Let S a,a be a Hopf surface defined as the quotient of C 2 \ {(0, 0)} by a Z-action n : (x, y) → (a n x, a n y).
Then there exists a differentiably non-degenerate holomorphic mapping f : C 2 → S a,a with order at most one.
3 General Hopf surfaces : Proof of Main Theorem 1.1.
Our Main Theorem 1.1. asserts that Theorem 2.8 still holds for more general Hopf surfaces.
We are going to prove Main Theorem 1.1. in two steps.
Proof. We may assume 1 < |b| ≤ |a|. In the first step, we prove the holomorphic mapping
is diffetentiably non-degenerate and its order satisfies ρ f ≤ 1, assuming that
In the second step, we prove that the same result holds for all a, b ∈ C with |a|, |b| > 1 by using a branched covering argument.
The first step with assumption (3.1)
Let α be as in ( 
It induces a continuous positive Hermitian form on the quotient space S a,b which is denoted by ω.
Since S a,b is compact, the order ρ f is independent of choices of smooth Hermitian metrics. In addition to this, a continuous Hermitian metric is bounded from below by a positive constant multiple of a smooth Hermitian metric by the compactness. Therefore it suffices to show lim r→∞ 1 log r log
Note that
We define
Here dV is the euclidean volume element on S(r). Then we have
Indeed,
• When |z| ≤ r
for all large r.
In both cases, 
Therefore we have
To show (3.3), we set
To estimate
H which are defined later, and estimate the volume and the integrand on each region.
We introduce useful some geometric and arithmetic estimates used in [7] .
Geometric estimates.
For (z, w) ∈ C 2 with z ̸ = 0 and w ̸ = 0, set θ ∈ [0, 2π) by e iθ |zw| = zw. For K > 0, −∞ < λ < 1 and µ ≥ 0, we set
We define a mapping Φ :
where
To show the Jacobian of Φ is identically −1 we set z =
and write Φ with real coordinates as follows,
The Jacobian of Φ is 
≡ −1
Furthermore the gradient grad(r) is of length one and normal on the level set S(r).
Hence the euclidean volume of Ω K,λ,µ is the same as the euclidean volume of
, it follows that for r ≥ 1 the volume of Ω K,λ,µ is bounded from above by
In particular,
Arithmetic estimates.
Besides the Landau O-symbols we also use the notation : If f, g are functions of a real
In the sequel, we will work with domains Ω ⊂ S(r) (i.e. for each r > 0 some subset Ω = Ω r ⊂
S(r) is chosen). In this context, given functions
and we have
We show some estimates for η = 
Estimates on each regions.
We are going to prove the following claim
•
Hence the contribution of A to the integral I r = ∫ S(r) η dV is bounded by O(r).
• B = {(z, w) ∈ S(r)| 
At the last estimate we used the inequality |z| ≥
which implies the contribution of B to the integral I r is bounded by O(r 2 ).
• C = {(z, w) ∈ S(r)| 
For z ∈ C with Since |w| ∼ r, we obtain 1 2 |zw| 3 2 . Using arithmetic estimate (iv), we get
Here c is a constant greater than four. Hence we obtain
Therefore it follows that (3.5)
where c ′ is a positive constant. Thus the contribution of C to the integral I r is bounded by O(r 2 ). •
Because vol(E) is bounded by the total volume of S(r), vol(E) = O(r 3 ). Thus the contribution of E to I r is bounded by O(r 2+2ε ).
Because the volume of F agrees with the volume of
Thus the contribution of F to I r is bounded by O(r 2 ).
Since |z| ≤ r, we have |zw| ≤ r. This implies |1 + zw| 2γ ≤ (r 2 + 2r + 1) γ . Hence we obtain
Here we used |z| ∼ r and 0
, the contribution of G to I r is bounded by O(r 2 ).
• H = {(z, w) ∈ S(r)| 0 ≤ |w| ≤ r −1 }. Since |w| ≤ r −1 , we have |z| ∼ r and |zw| ≤ 1. Hence we obtain
Because vol(H) ≤ O(r −1 ), the contribution of H to the integral I r is bounded by O(1).
Eleven regions A, B, C, D
−2 , D −1 , D 0 , D 1 , E,
F , G, H cover the sphere S(r). On each such
region Ω we have verified
Therefore those establish our claim
As a consequence, the holomorphic mapping f :
is of order at most one.
The second step: To remove assumption (3.1)
We show by branched covering argument that for every a, b ∈ C with 1 < |b| ≤ |a|, there exists a differentiably non-degenerate meromorphic mapping from C 2 into Hopf surface S a,b with order at most one.
Take a, b ∈ C with 1 < |b| ≤ |a|. Then there exist p, q ∈ N such that |b| q ≤ |a| p ≤ |b| 3 2 q . Let Π a,b be the universal covering of S a,b , and Π a p ,b q be the one of S a p ,b q . We define a holomorphic mappingΨ as follows,Ψ :
ThenΨ induces a branched covering Ψ, 
Then G M acts on H × C properly discontinuously without fixed points. Hence
is a complex surface. Furthermore by the definition of the action, S M becomes a compact complex surface, which is diffeomorphic to a 3-torus bundle over a circle. Relations between the generators g 0 , g 1 , g 2 , g 3 of G M are as follows:
It follows that
where e 1 , e 2 Proof. We first prove that meromorphic mapping f : C n → S is holomorphic. Let p : H × C → S be the universal covering mapping. Since codim I(f ) ≥ 2, C n \ I(f ) is simply connected. Then we get a holomorphic lift
We now calculate the order of f . Since S M is compact, the order is independent of the choice of Hermitian metric forms on S M . We define a Hermitian metric form on H×C which is invariant under the action of G M as follows
From Jensen's formula we obtain ∫ r
.., z n ) be the expansion with homogeneous polynomials P k of degree k. Since f 2 is not constant, there exists k 0 ≥ 1 such that P k 0 ̸ = 0. Hence we obtain c 2
Therefore we deduce the order of f satisfies ρ f ≥ 2, since c ̸ = 0 and
The case of S = S (+)
N,p,q,r;t : Here we study Inoue surface S (+) N,p,q,r;t . Let N = (n ij ) ∈ SL(2, Z) be a matrix with two real eigenvalues λ > 1 and 
,
N,p,q,r,t be the group of analytic automorphisms of H × C generated by
They satisfy the following relations:
(4.1)
N,p,q,r,t is an Inoue surface. Since the action is properly discontinuously with no fixed points, S 
Then h 22 ̸ = 0 sinceω is a positive Hermitian metric form. Therefore we can define a Hermitian metric formσ =ω h 22 . Note that the coefficient of dy ∧ dȳ ofσ is one. Since g * iω =ω, we obtain
N,p,q,r;t . We calculate the order off with respect toσ. Since f 1 is constant, we havẽ
Hence we obtain
Note that f 2 is not constant. As in the case of S M or in the case of complex torus, we deduce from (4.2) that the order of f satisfies ρ f ≥ 2.
The case of S = S N,p,q,r be a group of analytic automorphisms of H × C generated by
N,p,q,r is an Inoue surface.
Proof. As we have seen in other Inoue surfaces, the meromorphic mapping f is holomorphic. As in the case of S (+) N,p,q,r;t , we can construct a Hermitian metric formσ on H × C which is invariant under the action of G (−) (N,p,q,r) and is written in coordinates as follows,
Note that the coefficient of dy ∧ dȳ is one. This implies that the order of a non-constant holomorphic mapping f :
N,p,q,r satisfies ρ f ≥ 2.
Inoue surfaces : Restriction of the universal covering to a leaf
We now prove that the restriction of the universal covering mapping to a leaf {x 0 } × C (∀x 0 ∈ H) is of order two. 
.
Let ω be the induced Hermitian metric form on S byω. We calculate the characteristic function of p •f with respect to ω. Sincef * ω = (Imx 0 )α,
Hence we obtain ρ p•f = 2.
The case of S = S 
Let σ be the induced Hermitian metric form on S. We calculate the characteristic function of p •f with respect to σ. Sincef * σ = α, we have
Hence we deduce ρ p•f = 2.
Remark 5.2. By similar calculations, we get the order of the holomorphic mapping from C n to an Inoue surface S induced by (
Remark 5.3. Let S be an Inoue surface. Let p : H × C → S be the universal covering mapping.
Fix an arbitrary x 0 ∈ H. Then its image p({x 0 } × C) ⊂ S is Zariski dense, but not dense with respect to the differential topology, for there is no closed curves on an Inoue surface (see [8] ).
The differential structure of an Inoue surface S is as follows:
If S = S M , S is diffeomorphic to a real 3-torus bundle over a circle parametrized by the imaginary part Im x of x ∈ H.
If S = S (+)
N,p,q,r;t , S is diffeomorphic to a fiber bundle over a circle parametrized by Im x, whose fiber is a real three dimensional compact manifold. According to [2] , this three dimensional compact manifold is a circle bundle over a real 2-torus.
If S = S (−)
N,p,q,r , S is diffeomorphic to a fiber bundle over a circle parametrized by Im x, whose fiber is a real three dimensional compact manifold.
Problems
Finally we pose some interesting questions related to characteristic functions of meromorphic mappings from C 2 into Hopf surfaces. Let R f (r) denote the second term of the above formula. It is interesting to compare the growths of T F (r, ω 0 ) and R f (r) as r → ∞ or the growths of T F (r, ω 0 ) and T f (r, ω) as r → ∞.
